Non-Abelian generalization of Born-Infeld theory inspired by
  non-commutative geometry by Serie, Emmanuel et al.
ar
X
iv
:h
ep
-th
/0
30
71
05
v3
  5
 Ja
n 
20
04
Non-Abelian generalization of Born-Infeld theory
inspired by non-ommutative geometry
Emmanuel Serié
∗,∗∗
Thierry Masson
∗
Rihard Kerner
∗∗
∗
Laboratoire de Physique Théorique (UMR 8627)
Université Paris XI,
Bâtiment 210, 91405 Orsay Cedex, Frane
∗∗
Laboratoire de Physique Théorique des Liquides,
Université Pierre-et-Marie-Curie - CNRS UMR 7600
Tour 22, 4-ème étage, Boîte 142,
4, Plae Jussieu, 75005 Paris, Frane
Abstrat
We present a new non-abelian generalization of the Born-Infeld Lagrangian. It is based
on the observation that the basi quantity dening it is the generalized volume element,
omputed as the determinant of a linear ombination of metri and Maxwell tensors. We
propose to extend the notion of determinant to the tensor produt of spae-time and a matrix
representation of the gauge group. We ompute suh a Lagrangian expliitly in the ase of the
SU(2) gauge group and then explore the properties of stati, spherially symmetri solutions
in this model. We have found a one-parameter family of nite energy solutions. In the last
setion, the main properties of these solutions are displayed and disussed.
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1 Introdution
Reently there has been rising interest in the Born-Infeld nonlinear theory of eletromagnetism ([1℄,
[2℄) and more general Lagrangians of this type, whih appear quite naturally in string theories.
Non-Abelian generalizations of a Born-Infeld type Lagrangian were proposed by T. Hagiwara
in 1981, ([3℄), and more reently, inluding a supersymmetri version, by Shaposnik et al (see
([4℄, [5℄, [6℄) and the referenes within). In ([7℄) we analyzed one of the possible non-abelian
generalizations of the Born-Infeld Lagrangian, and showed the existene of sphaleron-like solutions
with a qualitative behavior similar to the solutions of the ombined Einstein-Yang-Mills eld
equations found by Bartnik and MKinnon ([8℄). The non-abelian generalization proposed in
([7℄) was quite straightforward indeed: it onsisted in the replaement of the eletromagneti eld
invariants
Fµν Fµν and
∗Fλρ Fλρ =
1
2
ǫµνλρ FµνFλρ
by similar expressions formed by taking the traes of orresponding Lorentz invariants in the Lie
algebra spae:
gab F
aµν F bµν and gab
∗F a λρ F bλρ =
1
2
gab ǫ
µνλρ F aµνF
b
λρ
However, exept for a straightforward analogy, this expression does not seem to ome from any
more fundamental theory. In addition, this generalization still keeps a partiular dependene on
seond-order invariants of the eld tensor, harateristi for a four-dimensional manifold only;
in higher dimensions the determinant would lead quite naturally to Lagrangians depending on
higher-order invariants of the eld tensor, too. On the other hand, it is well known that a orret
mathematial formulation of gauge theories onsiders the gauge eld tensor assoiated with a
ompat and semi-simple gauge group G as a onnetion one-form in a prinipal bre bundle over
Minkowskian spae-time, with values in AG, the Lie algebra of G. In loal oordinates we have
A = Aaµ dx
µ La (1)
where La, a = 1, 2, ...N = dim(G) is the basis of the adjoint representation of AG. In many ases
another representation must be hosen, espeially when the gauge elds are supposed to interat
with spinors (f. ([9℄, [10℄, [11℄)). It is always possible to embed the Lie algebra in an enveloping
assoiative algebra, and to use the tensor produt:
A = Aaµ dx
µ ⊗ Ta , (2)
where Ta is the basis of the matrix representation of AG, so that now the non-abelian eld tensor
will have its values in the enveloping algebra:
F = dA+
1
2
[A,A] = (F aµν dx
µ ∧ dxν )⊗ Ta . (3)
Now, in order to reprodue as losely as possible the lassial Born-Infeld Lagrangian, a natural
idea is to embed the spae-time metri tensor gµν also into the enveloping algebra, tensoring it
simply with the unit element in the appropriate matrix spae, i.e. replaing it by gµν ⊗ 1N ;
then we an add up the metri and the eld tensors, and take the determinant in the resulting
matrix spae. This struture of the matrix is similar to the strutures found in ertain realizations
of gauge theory in non-ommutative matrix geometries ([12℄), or in Lagrangians found in matrix
theories ([13℄, [14℄). Suh a Lagrangian has been proposed by Park ([15℄) and reads as follows:
SPark[F, g] =
∫
R
4
α
(∣∣∣∣ detM⊗R (gµν ⊗ 1dR + β−1 F aµν ⊗ Ta )
∣∣∣∣
1
2dR −
√
|g|
)
, (4)
where α and β are real positive onstants. The 2dR-order root is introdued to ensure the invari-
ane of the resulting ation under the dieomorphisms. As a matter of fat, with the root of this
2
order we are able to fatorize out the usual four-dimensional volume element
√
|g|d4x and rewrite
the ation priniple with the subsequent salar quantity:
LPark(F, g) = α
(∣∣∣∣ detM⊗R
(
14×dR + β
−1 Fˆ
)∣∣∣∣
1
2dR − 1
)
(5)
and,
SPark[F, g] =
∫
R
4
LPark(F, g)
√
|g|d4x , (6)
where
Fˆ =
1
2
F aµνMˆ
µν ⊗ Ta (Mˆµν)ρσ = gρρ
′
δµνρ′σ , (7)
Fˆ is an endomorphism of R4 ⊗ CdR , and Mµν denote the generators of the Lorentz group (in the
dening representation). It is also useful to introdue the notation:
Fˆ a =
1
2
F aµνMˆ
µν . (8)
The generalization of the Born-Infeld (BI) Lagrangian proposed in this paper results in a
variational priniple that leads to a highly nonlinear system of eld equations, whose general
properties an be analyzed using standard tehniques ([16℄, [17℄, [18℄). Our aim in this artile
is to hek whether stationary regular solutions with nite energy an be found as in ([7℄). We
onsider the standard 't Hooft's monopole ansatz whih in this partiular ase leads to one ordinary
dierential equation for a single funtion k(r) of radial oordinate r. The struture of this equation
is similar to the one found in ([7℄), with a more ompliated term orresponding to frition.
Nevertheless, the struture of solutions and their energy spetrum are very dierent, as shown in
the last setions of our artile. We have not found solutions joining together two dierent vauum
ongurations (alled BI sphalerons), as in ([7℄). We nd instead a family of solutions labeled by
integer winding number n, and a real parameter bounded from below. The energy integral tends
with n→∞ to the energy of the BI magneti monopole obtained in ([7℄).
2 Non-abelian generalization of Born-Infeld Lagrangian
2.1 Basi properties of the abelian ase
Let us reall several basi properties of the abelian Born-Infeld Lagrangian, whih we would like
to reprodue in the proposed non-abelian generalization. In their original paper ([1℄) Born and
Infeld onsidered the now famous least ation priniple:
SBI [g, F ] =
∫
R
4
LBI(g, F ) =
∫
R
4
LBI(g, F )
√
|g|d4x
=
∫
R
4
β2
(√
| det(gµν)| −
√
| det(gµν + β−1 Fµν ) |
)
d4x
=
∫
R
4
β2
(
1−
√
1 +
1
β2
(F, F ) − 1
4β4
(F, ⋆F )2
)√
|g|d4x
=
∫
R
4
β2
(
1−
√
1 +
1
β2
( ~B2 − ~E2)− 1
β4
( ~E. ~B)2
)√
|g|d4x
(9)
where d4x = dx0∧dx1∧dx2∧dx3 , ~B is the magneti eld, ~E is the eletri eld, (F, F ) = 12FµνFµν ,
(F, ⋆F ) = 14ǫ
µνρσFµνFρσ and ǫ
µνρσ = 1√
|g|
δµνρσ0123 .
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This ation an be dened not only on the Minkowskian spae-time but also on any loally
Lorentzian urved manifold, as in the original ase. It is useful to reall here three important
properties of the Born-Infeld Lagrangian, whih we want to maintain in the ase of the non-abelian
generalization, also valid in any nite dimension of spae-time.
1) Maxwell's theory (or, respetively, the usual gauge theory with quadrati Lagrangian den-
sity) should be found in the limit β →∞:
SBI = −
∫
R
4
1
2
(F, F )
√
|g|d4x+ o( 1
β2
)
= −1
2
∫
R
4
F ∧ ⋆F + o( 1
β2
)
= −
∫
R
4
1
2
( ~B2 − ~E2)
√
|g|d4x+ o( 1
β2
) .
(10)
2) There exists an upper limit for the eletri eld intensity, equal to β when there the magneti
omponent of the eld vanishes:
LBI |B=0 = β2
(
1−
√
1− β−2 ~E2
)
. (11)
Due to this fat, the energy of a pointlike harge is nite, and the eld remains nite even at
the origin. This was the main goal pursued by Mie ([2℄), suggesting the hoie of nonlinear
generalization of Maxwell's theory. Indeed, one has for a point harge e:
~E =
erˆ√
e2 + r4
Energy =
∫ ∞
0
(√
e2 + r4
r2
− 1
)
r2dr <∞ . (12)
3) The Born-Infeld ation priniple is invariant under the dieomorphisms of R
4
. In this respet,
this theory an be viewed as a ovariant generalization (in the sense of General Relativity) of Mie's
theory, as well as an extension of the usual volume element
√
|g|d4x.
It is also well known that the Born-Infeld eletromagnetism has good ausality properties (no
birefringene and no shok waves) as well as interesting dual symmetries (eletri-magneti duality,
Legendre duality, f. [19℄ [20℄ [21℄ [18℄ [22℄) . Here we shall not onsider these aspets of the theory,
our main interest being foused on stati solutions.
2.2 The new non-abelian generalization
Our starting point is the gauge eld tensor assoiated with a ompat and semisimple gauge group
G, dened as a onnetion one-form in the prinipal bre bundle over Minkowskian spae-time,
with its values in AG, the Lie algebra of G. As explained in the Introdution, we hose the
representation of the onnetion in the tensorial produt of a matrix representation of the Lie
algebra AG and the Grassmann algebra of forms over M4:
A = Aaµ dx
µ ⊗ Ta (13)
where Ta, a = 1, 2, ...N = dim(G) are anti-hermitian matries whih form a basis of the partiular
representation R of dimension dR of AG , speied later on.
By analogy with the abelian ase, we want the Lagrangian to satisfy the following properties:
1) One should nd the usual Yang-Mills theory in the limit β →∞
2) The (non-abelian) analogue of the eletri eld strength should be bounded from above
when the magneti omponents vanish. [ To satisfy this partiular onstraint, we must ensure
that the polynomial expression under the root should start with terms 1 − β−2( ~Ea)2 + ... when
~Ba = 0 ℄.
4
3) The ation should be invariant under the dieomorphisms of R
4
.
4) The ation has to be real.
This enables us to introdue the following generalization of the Born-Infeld Lagrangian density
for a non-abelian gauge eld:
L = √g L =
√
|g| − ∣∣ det (12 ⊗ gµν ⊗ 1dR + β−1 J ⊗ F aµν ⊗ Ta ) ∣∣ 14dR (14)
In the expression above, J denotes a SL(2,C) matrix satisfying J2 = −12, thus introduing a
quasiomplex struture. This extra doubling of tensor spae is neessary in order to ensure that
the resulting Lagrangian is real. We are left with the root of order 4dR, so that the invariane of
our ation under the spae-time dieomorphism is preserved.
Let us reall a few arguments in favor of this onstrution:
The simplest way to generalize the Born-Infeld ation priniple to the non-abelian ase seems at
rst glane the substitution of real numbers by orresponding hermitian operators, like in quantum
mehanis or in non-ommutative geometry. Then one would arrive at the following expression:

U(1) ! G
iFµν ! F
a
µν ⊗ Ta
gµν ! gµν ⊗ 1dR ,
(15)
where 1dR and iTa are hermitian matries. What remains now to make the generalization omplete,
is to extend the notion of the determinant taken over the spae-time indies in the usual ase. We
propose to replae the determinant of a 4× 4 matrix (denoted hereafter detM) by a determinant
taken in the tensor produt of spae-time and matrix indies of the representation R (denoted
hereafter detM⊗R). Notie that this kind of tensor produt of algebras appears in the ontext of
the nonommutative geometry of matries (see ([12℄ [13℄ [14℄)). Indeed, the general struture of
the onnetion one-form in these nonommutative geometries is very similar to the one in (13).
In this kind of generalization, one would replae the objets in (9) following the proedures in
(15). This leads to a omplex Lagrangian in the ase of a non-abelian struture group. Indeed,
the determinant detM⊗R(gµν ⊗ 1dR + β−1 F aµν ⊗ iTa ) is not real when dim(AG) > 1. Therefore
we must nd a dierent generalization.
Another possibility would onsist of taking anti-hermitian generators tensorized with the eld
F . This was proposed by Hagiwara ([3℄) and studied in more detail by Park ([15℄) for the Eulidean
ase. This substitution leads to a Lagrangian satisfying the requirements 1), 3), and 4), but not
2) (for details, see the artile by J.-H. Park, ([15℄) ).
Moreover, Lagrangians obtained with the above hoies display invariants of order 3 in the
eld F , destroying the harge onjugation invariane of the theory, F 7→ −F , and possibly leading
to indenite energy densities.
This is why we propose a third hoie. We start from an alternative formulation of the abelian
version. As a matter of fat, one an write the abelian Born-Infeld Lagrangian in the following
alternative form:
SBI [F, g] =
∫
R
4
β2
(√
|g| −
∣∣∣∣ det
C
2⊗M
(
12 ⊗ gµν + β−1 J ⊗ iFµν
) ∣∣∣∣
1
4
)
d4x , (16)
where J is a 2×2 omplex matrix whose square is equal to −12. The Lagrangian is independent of
the hoie of J as an be easily seen. In (16) (see also (15)), the imaginary unit i an be onsidered
as the anti-hermitian generator of u(1). In our formula (16), we use an obvious notation for the
spae on whih the determinant is dened. With the orrespondene displayed in (15), we end up
with the following ation priniple:
S[F, g] =
∫
R
4
α
(√
|g| −
∣∣∣∣ det
C
2⊗M⊗R
(
12 ⊗ gµν ⊗ 1dR + β−1 J ⊗ F aµν ⊗ Ta
) ∣∣∣∣
1
4dR
)
d4x , (17)
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satisfying all the requirements we asked for, 1), 2), 3), and 4), by taking J in SL(2,C). The
Lagrangian is again independent of the hoie of J . In partiular, we nd the usual abelian
Lagrangian if we replae Ta by i and set dR = 1.
It was supposed in (17) that α and β are real positive onstants. It is lear that only the root of
degree 4dR will lead to an expression where
√
g an be fatorized out as an overall fator. This
enables one to rewrite the ation using a purely salar quantity as follows:
L(g, F ) = α
(
1−
∣∣∣∣ det
C
2⊗M⊗R
(
12 ⊗ 14×dR + β−1 J ⊗ Fˆ
) ∣∣∣∣
1
4dR
)
, (18)
so that
S[g, F ] =
∫
R
4
L(g, F )
√
|g|d4x , (19)
where Fˆ = 12F
a
µνMˆ
µν ⊗ Ta as dened in the introdutory setion.
3 Expliit omputation of the determinant
3.1 General remarks
The determinant dened in (18) an be written in several equivalent forms:
det
C
2⊗M⊗R
(
12 ⊗ 1+ β−1 J ⊗ Fˆ
)
(20a)
= det
C
2⊗M⊗R
(
s⊗ 1+ β−1 sJ ⊗ Fˆ
)
(20b)
= det
M⊗R
(
1+ β−2 Fˆ 2
)
, (20)
where s and J are elements of SL(2,C), J satisfying J2 = −1. For example, hoosing s = iσ2 and
sJ = −iσ3 in (20b), we get the following determinant:∣∣∣∣−iβ−1Fˆ 1−1 iβ−1Fˆ
∣∣∣∣ = |g|−2dR
∣∣∣∣−iβ−1F aµν ⊗ Ta gµν ⊗ 1−gµν ⊗ 1 iβ−1F aµν ⊗ Ta
∣∣∣∣ (21)
whih is a straightforward generalization of the determinant onsidered by Shuller ([23℄). Follow-
ing Shuller's idea, the matrix (21) in the abelian ase an be interpreted as the matrix dening
ommutation relations between the oordinates in the phase spae of a relativisti point partile
minimally oupled to the Born-Infeld eld. Similarly, we an extend this interpretation to the ase
of oordinates taking their values in an appropriate Lie algebra, i.e., by imposing the following
relations:
[Xµ, Xν ] = − 1
eβ2
F aµν ⊗ Ta
[Xµ, Pν ] = −igµν ⊗ 1
[Pµ, Pν ] = eF
a
µν ⊗ Ta ,
(22)
with
Xµ := X
a
µ ⊗−iTa , Pµ := P aµ ⊗−iTa . (23)
On the other hand, the partiular form (20) enables us to hek that the Lagrangian is indeed
real, and at the same time it represents an obvious generalization of the abelian Born-Infeld ation
in the form given in ([23℄, and the referenes therein). It is worthwhile to note that if one hooses
6
J = −iσ3 in (20a) the determinant an be written as an absolute value of a omplex number.
Indeed, one has ∣∣∣∣1− iβ−1Fˆ 00 1+ iβ−1Fˆ
∣∣∣∣ = | detM⊗R
(
1− iβ−1Fˆ
)
|2 . (24)
We shall use this partiular form of the determinant in the subsequent omputations.
3.2 Comparison with the symmetri trae presription
Let us reall a useful formula relating the determinant of a linear operator M to traes:
(det(1 +M))
β
= exp (β tr( log(1 +M) ))
=
∞∑
n=0
∑
α=(α1,··· ,αn)
∈[Sn]
(−1)n
n∏
p=1
1
αp!
(
−β tr(M
p)
p
)αp
, (25)
where α ∈ [Sn] and [Sn] is the set of equivalene lasses of the permutation group of order n. The
multi-index α is given by a Ferrer-Young diagram or equivalently satises the relation,
n∑
p=1
p αp = n , αp > 0 . (26)
Using this trae formula, we an develop our Lagrangian up to any order in F . In order to
avoid ambiguities, we shall denote by trM the trae taken over the spae-time indies, by trR the
trae over the representation indies, and by tr⊗ the trae over the tensor produt of these two
spaes. For the sake of simpliity, we have absorbed the sale fator β−1 in the denition of the
eld tensor F . When needed, the appropriate powers of β−1 an easily be reovered. Following
(20), we have,(
det
M⊗R
(
1 + Fˆ 2
)) 14dR
=
∞∑
n=0
∑
α=(α1,··· ,αn)
(−1)n
n∏
k=1
1
αk!
(
−tr⊗(Fˆ 2k)
4dR × k
)αk
=
∞∑
n=0
∑
α=(α1,··· ,αn)
(−1)n
n∏
k=1
1
αk!
αk∏
m=1
αk 6=0
(
− trM(Fˆ
am
1 · · · Fˆ am2k)
4k
× trR(Ta
m
1
· · ·Tam
2k
)
dR
)
,
(27)
where α ∈ [Sn] satises
∑n
k=1 kαk = n .
We an ompare the resulting expansion with the symmetrized trae presription given by Tseytlin
in ([24℄). With the notation adopted above, we have
1
dR
StrR
(
det
M
(
1 + iFˆ aTa
)) 1
2
=
1
dR
StrR
(
det
M
(
1 + Fˆ aFˆ bTaTb
)) 1
4
=
1
dR
StrR
∞∑
n=0
∑
α=(α1,··· ,αn)
(−1)n
n∏
k=1
1
αk!
(
− trM(Fˆ
a1 · · · Fˆ a2k)
4k
Ta1 · · ·Ta2k
)αk
=
∞∑
n=0
∑
α=(α1,··· ,αn)
(−1)n
(
n∏
k=1
1
αk!
αk∏
m=1
αk 6=0
(
− trM(Fˆ
am
1 · · · Fˆ am2k)
4k
)
×
× 1
dR
StrR
(
n∏
k=1
αk∏
m=1
Tam
1
· · ·Tam
2k
))
(28)
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Now we an easily ompare the series resulting from similar expansions of two dierent La-
grangians: the symmetrized trae presription, and the generalized determinant presription, i.e.
omparing (27) and (28) with the orresponding expansion of the abelian version of Born-Infeld
eletrodynamis. In both ases, the third-order and higher odd-order invariants that are possible
in a non-abelian ase, do not appear (as they are absent in the abelian version, of ourse) .
Let us ompare, up to the fourth order, the expansion in powers of F of the two Lagrangians.
Our Lagrangian (17) yields the following series:
L[F, g] ≃ − 1
4dR
tr⊗Fˆ
2 +
1
8dR
tr⊗Fˆ
4 − 1
32dR
2 (tr⊗Fˆ
2)2
≃ −1
2
(F a, F b)Kab +
1
8
(F a, F b)(F c, F d)(−KabKcd +Kabcd +Kacbd)
+
1
8
(F a, ⋆F b)(F c, ⋆F d)Kacbd , (29)
whereas the symmetrized trae presription of ([24℄) gives:
LSym[F, g] =
1
dR
StrR(1−
√
det
M
(1+ iFˆ ))
≃ 1
dR
StrR(−1
4
trMFˆ
2 +
1
8
trMF
4 − 1
32
(trMFˆ
2)2)
≃ −1
2
(F a, F b)Kab +
1
8
(
(F a, F b)(F c, F d) + (F a, ⋆F b)(F c, ⋆F d)
)
K{abcd} ,
(30)
with K{abcd} =
1
3 (KabKcd +KacKbd +KadKbc +
1
4S
e
abScde +
1
4S
e
acSbde +
1
4S
e
adSbce). As usual we
note
TaTb = −gab1+ 1
2
CcabTc +
i
2
ScabTc , (31)
where gab =
cR
dR
δab , Scab = gcdS
d
ab is ompletely symmetri and real, Ccab = gcdC
d
ab is ompletely
antisymmetri and real, and,
Ka1··· an =
(−1)[n2 ]
dR
trR(Ta1 · · ·Tan) . (32)
3.3 Expliit alulus for G=SU(2)
We use the fundamental representation of G = SU(2), with generators dened by Ta = − i2σa. In
order to simplify the alulus, we have resaled the formula (24) replaing β by 1/2, so that it
ompensates the fator 1/2 in the denition of Ta. It is useful to note that in the formula (24),
the expression detM⊗R(1− iβ−1Fˆ ) is a perfet square (as notied already in ([15℄)). As a matter
of fat, one an multiply this determinant by 1 = detM⊗R(1⊗−iσ2), to obtain
det
M⊗R
(
1− 2iFˆ
)
= det
M⊗R
(
1⊗ (−iσ2) + Fˆ a ⊗ (iσ2σa)
)
(33)
= |g|−2 det
M⊗R
(
gµν ⊗ (−iσ2) + F aµν ⊗ (iσ2σa)
)
. (34)
It is easily seen that the matrix in the last expression is antisymmetri, so its determinant is a
perfet square. This implies that the highest power of F in the expansion of exp(12 tr log(1+2iFˆ))
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is 4 ; therefore
det
M⊗R
(1+ 2iFˆ ) =
(
exp
(
1
2
tr log(1 + iFˆ )
))2
(35)
=

1 + 1
2
tr⊗
(
Fˆ 2
2
)
− i1
2
tr⊗
(
Fˆ 3
3
)
− 1
2
tr⊗
(
Fˆ 4
4
)
+
1
2!
(
1
2
tr⊗
(
Fˆ 2
2
))2
2
(36)
=
(
1 +
t2
4
− i t3
6
− t4
8
+
t22
32
)2
, (37)
where ti = tr⊗
((
Fˆ
)i)
.
Using formula (24), we get
L = 1− 4
√
(1 + 2P −Q2)2 + (2K3)2 , (38)
where 

2P = 14 t2 = (F
a, Fa)
Q2 = 18 t4 − 132 t22 = 14 (F a, ⋆F b)(F c, ⋆F d)Kacbd
K3 = − 112 t3 = 16ǫabctrM(Fˆ aFˆ bFˆ c)
. (39)
It is also interesting to note that our Lagrangian depends exlusively on three invariants of F , (the
third-order invariant entering via its square), although the determinant an lead to the expressions
up to the eighth order in F . In this partiular ase, there exist many relations between the traes,
so that the ompliated expressions an nally be simplied and expressed as funtions of three
invariants only, even though there are eight for a general SU(2) Lagrangian(f ([25℄, [26℄)).
4 Spherially symmetri stati ongurations
4.1 The magneti ansatz and equations of motion
Our aim now is to study stati, spherially symmetri solutions of purely magneti type. They
are given by the so-alled 't Hooft-Polyakov ansatz ([27℄):
A =
1− k(r)
2
UdU−1 with U = eipiTr
= (1− k(r))[Tr , dTr] = (1− k(r)) (Tθ sin θdϕ− Tϕdθ)
=
1− k(r)
r2
(~r ∧ ~T ) · ~dx ,
(40)
where the usual notation is used. When expressed in omponents, the same formula beomes:
Aak =
(1 − k(r))
r2
ǫakm x
m , (41)
where
a, b, c... = 1, 2, 3 ; i, j, k... = 1, 2, 3 ; ǫakm = ǫ
aij gik gjm .
The notion of spherial symmetry for gauge potentials in Yang-Mills theory has been analyzed
by P. Forgas and N.S. Manton in ([28℄); see also ([29℄). The most general form for a spherially
symmetri SU(2) gauge potential is often alled the Witten ansatz (f [30℄); an exhaustive
disussion of its properties an be found in ([31℄). When this form of potential is hosen, there
remaines a residual U(1) symmetry preserving the eld, and the situation an be interpreted as an
abelian gauge theory on two dimensional de Sitter spae, oupled to a omplex salar eld w with
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a Higgs-like potential. Then the problem is parametrized by four real funtions a0, a1, Re(w),
and Im(w) (we use the notation introdued in ([31℄)). Fixing the gauge enables one to set a1 = 0.
Next, one an eliminate a0 if one restrain the solutions to the magneti type only. In the stati
ase, the remaining equations of motion possesses a rst integral (due to the residual global U(1)
symmetry). The ondition that the energy must be nite at innity fores it to vanish in this ase.
This means that we an hoose the phase of the funtion w at will, thus reduing the form of the
potential to the one proposed by 't Hooft in 1974 ([27℄).
Therefore, the only nonvanishing omponents of the urvature F an be identied as the
magneti omponents of the Yang-Mills eld:
Bai =
1
er2
[
rˆirˆ
a(1− k2)− rk′ P ai
]
, (42)
where rˆi =
xi
r and, P
a
i = δ
a
i − rˆarˆi is the projetion operator onto the subspae perpendiular to
the radial diretion.
The only nonvanishing invariants of the eld appearing in the Lagrangian density an now
be expressed by means of the spherial variable r, one unknown real funtion k(r), and its rst
derivative k′(r):
2P =
1
r4
[
(1 − k2)2 + 2(rk′)2]
K3 =
1
r6
(
(1− k2)(rk′)2)
Q2 = 0
(43)
Then the ation takes on the following form:
S =
∫ 1−
{(
1 +
(1 − k2)2 + 2(rk′)2
r4
)2
+
4
r12
(1− k2)2(rk′)4
}1/4  r2dr . (44)
For the subsequent analysis, it is very useful to hange the independent variable by introduing
its logarithm τ = log(r). Then the ation an be expressed as follows:
S =
∫
(1− 4
√
A) e3τ dτ , (45)
where 

A = (1 + a2 + 2b)2 + 4a2b2 = (1 + a2)((1 + 2b)2 + a2)
a = (1− k2)/r2
b = k˙2/r4
Now the equation of motion an be written as:
Ak +Ak˙(
3
4
A˙
A
− 3 )− d
dτ
Ak˙ = 0 , (46)
or equivalently, in a more standard form:{
k˙ = u
u˙ = γ(k, u, τ)u+ k(k2 − 1) (47)
with
γ(k, u, τ) = 1− 2 u
2 + 2uk(1− k2) + (1− k2)2
r4 + (1 − k2)2
+
6u(1− k2) [ku2 + 2u(1− k2) + k(1− k2)2] [r4 + 2u2 + (1− k2)2]
[r4 + (1− k2)2] [(r4 + 2u2)2 + (1− k2)2(r4 + 6u2)] .
(48)
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The oeient γ, whih plays the role of dynami frition, is quite similar to the one found in ([7℄)
(exept for a missing fator 2, due to a printing error). In the usual Yang-Mills theory with the
same ansatz, the orresponding fator is just γYM = 1.
The system (47) is not autonomous (i.e., some of the oeients depend expliitly on the
variable τ), so that the qualitative analysis of solutions should be performed in an extended three-
dimensional phase spae (τ, k, u) (see for example ([32℄)). Of ourse, one annot expet to nd true
singular points, beause the time variable τ never stands still. Instead, one an nd asymptoti
behaviors of funtion k whose dominant terms for τ → −∞ (r → 0) or for τ →∞ (r →∞) satisfy
the equations of motion up to a required order, negleting innitely small terms. However, for
r →∞ there are two genuine xed points (k = 1, u = 0) and (k = −1, u = 0). Having found these
asymptoti expansions, we then try to extend them from both sides so that they an meet and
produe a regular solution valid for all values of τ .
Although our equations display asymptoti expansions analogous to those found in ([33℄, [34℄,
[7℄), areful analysis shows that solutions of the Bartnik-MKinnon type ([8℄) are exluded here.
4.2 Asymptoti expansions
We have found two expansions in positive powers of r whih satisfy the equations of motion up to
a ertain nite order in r near r = 0. The rst one depends on two free parameters k0 and a, and
starts with the following expressions:
k = k0 + ar − k0
(
5a2
6g
+
g
12a2
)
r2 +
a8(52− 70g)− 9a4g3 + (g − 1)g4
108a5g2
r3 +O(r4) , (49)
where g = 1−k20, a 6= 0 and g 6= 0. This expansion displays a ertain similarity with the expressions
found in ([33℄, [34℄), whih depend on the same parameter k0.
The seond one depends on only one free parameter b, and starts as follows:
k = ±
(
1− br2 + 3b
2 + 92b4 + 608b6
10 + 200b2 + 1600b4
r4 +O(r6)
)
(50)
Near r = ∞, the Taylor expansion an be made with respet to r−1. It depends on one free
parameter, denoted by c:
k = ±
(
1− c
r
+
3c2
4r2
+O(
1
r3
)
)
. (51)
It is remarkable that the asymptoti behavior at r =∞ is the same here (up to the order O(r−7))
as the orresponding behavior of the spherially symmetri stati ansatz in the usual Yang-Mills
theory, whih makes it easier to interpret the harateristi integrals as magneti harge, energy,
et.
Taking these expansions as the rst approximation either at r = 0 or at r = ∞, we then use
standard tehniques in order to generate solutions valid everywhere. It is interesting to note that,
when we started from innity, no ne-tuning was neessary, and an arbitrarily xed onstant c
would lead to a solution whih, when extrapolated to r = 0, would dene a partiular pair of
values of onstants k0 and a. On the ontrary, starting from r = 0, arbitrarily hosen values of k0
and a would not neessarily lead to good extrapolation at r =∞. We shall disuss the properties
of numerial solutions so obtained in the following subsetion.
4.3 Numerial solutions
The searh for numerial solutions was based on the same method as in ([33℄, [34℄, [7℄). With the
expansions (49) and (51), we evaluate the initial onditions used as starting point for the numerial
integration of equation (47).
The three parameters ourring in the asymptoti expansions (two at r = 0 and one at r =∞)
are interrelated by two onstraint equalities, therefore the solutions an be labeled by only one
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real parameter. We hose to index the solutions with the parameter c of (51), with c > 0, or its
logarithm τc = log(c).
As in the Bartnik-MKinnon ase, we an assign to eah solution an integer n, with n − 1
denoting the number of zeros of the funtion u or the winding number of the orresponding
trajetory in the phase plane (k, u), as seen in Fig. 1, where a few solutions are plotted. When
the parameter τc goes from −∞ to +∞, we observe that this integer n grows from 1 to ∞. At
ertain speial values of the parameter τc, this integer inreases by 1. Here are the rst ritial
values of τc:
τc 1.658 4.781 7.510 10.092 13.218 16.530 19.813
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1
PSfrag replaements
n = 1
n = 1
n = 2
n = 3
n = 4
k
τ
u
-0.2 0 0.2 0.4 0.6 0.8 1
-0.1
0
0.1
0.2
0.3
PSfrag replaements
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u
Figure 1: Plots of solutions for the parameters τc = −3, 1.2, 4, 7, 10.
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The two graphs in Fig. 1 should be ombined in order to give a orret representation of the
trajetories as they appear in the extended three-dimensional phase spae inluding the variable
τ = log r. The graph on the left represents the ut k, τ , and the graph on the right represent the
ut k, u, i.e., the usual phase spae of the funtion k(r) and its rst derivative u = k˙. One an see
some trajetories on the plane k, u with various winding numbers.
Our solutions do not interpolate between the two singular points at k = 1 and k = −1, but
between the singular point at k = 1 for r = ∞ and a ertain value k0 (related to τc) whih is
always lower than 1 and bigger than −1 (as a matter of fat k0 = 0 is a solution). This is radially
dierent from the sphaleronlike solutions or solutions of Bartnik-MKinnon type found in ([8℄,
[7℄).
The two parameters k0 and a of (49) are funtions of the parameter τc. We have evaluated the
energy E of the solutions and the values of the parameter k0 for τc varying from −10 to 20. The
energy E is represented as a funtion of the parameter τc in Fig. 2. This gure represents two
enlargements of the upper graph with the preision of 10−2 in order to show loal minima of the
energy urve. The energy minima of eah lass of solutions are found near the ritial values of
the parameter τc, and as far as we an judge, given the preision of numerial alulus employed,
oinide with their positions on the τc-axis. Supposing that the solutions attaining loal minima of
energy are stable, we onjeture that these most stable solutions an be grouped in ouples, with
winding numbers n and n + 1, starting with the ouple n = 1, n = 2. The energies onverge to
the limit Eτc=∞ = En=∞ = 1.23605..., whih oinides with the energy of the pointlike magneti
Born-Infeld monopole omputed in ([7℄).
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Figure 2: Energy as funtion of the parameter τc, with loal minima visible (the magniation is
100 times higher for the seond minimum display).
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The last two graphs in Fig. 3 show the spei features of the dependene of the parameter
k0 (the initial value of funtion k at r = 0) with respet to τc. The dependene is smooth only
between the ritial values of parameter τc, at whih the hange of winding number n ours, as
an be viewed in the seond graph where the seond derivative of k0 with respet to τc is plotted.
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Figure 3: k0, funtion of τc, and its seond derivative. The singularities of seond derivative
d2k0/dτ
2
c our at values of τc whih oinide with the hange of winding number n .
It is important to notie that our version of generalized non-abelian Born-Infeld theory is quite
dierent from the symmetrized trae presription. Nevertheless, the nonpolynomial harater of
the Lagrangian, ommon to all generalizations, still ensures a very rih spetrum of solutions,
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although very dierent and spei to the hoie of the Lagrangian. All our solutions tend to the
genuine vauum onguration at r→∞, but their behavior near the origin r = 0 is very dierent
from the sphaleronlike solutions. At the origin, our solutions look like monopole ongurations
whose magneti harge has been renormalized, as suggested in ([33℄), where the onstant 1 − k20
is also integrated in this manner.
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